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From molecular machines to quantum dots, a wide range of mesoscopic systems can be modeled
by periodically driven Markov processes, or stochastic pumps. Currents in the stochastic pumps are
delimited by an exact no-go condition called the no-pumping theorem (NPT). The letter presents
a unified treatment of all the adaptations of NPT known so far, and further extends it to systems
with many species of interacting particles.
From the cargo transport to muscle contraction, a mul-
titude of tasks inside our cells are performed by bimolec-
ular complexes called the molecular motors. They have
inspired researchers to design artificial molecular com-
plexes capable of controlled directed motion, such as
translation along an axle [1] or a DNA origami track [2]
and rotation along a molecular ring [3], among others [4–
9]. Control technique of the artificial molecular machines
is fundamentally different from macroscopic machines,
because the effects of inertia are negligible and friction
and fluctuations play the dominant role in the molecular
scale [4]. An effective strategy is to periodically modu-
late the environment of the system to drive the system
out of equilibrium and utilize the relaxation dynamics
to generate the desired directed motion. An example is
provided by the experiments by Leigh et al. [3] where
an average directed rotation was induced in the artificial
molecular machine [3]catenane by periodic modulation of
temperature, radiation and chemical concentrations.
Periodic modulation of external parameters to pump
a desired directed current in stochastic systems is called
stochastic pumping. Success of this strategy is delimited
by an exact condition, called the no-pumping theorem
(NPT), which states that both the energy levels and the
barriers of the system have to be varied to generate any
directed current. Consider, for example, the [2]catenane
complex composed of a small molecular ring interlocked
with a larger molecular ring, as depicted schematically in
Fig. 1(a). The numbers 1, 2, and 3 denote the metastable
states of the smaller ring. In Ref. [3] the authors noted
that the smaller ring could not be rotated along the larger
ring unidirectionally just by the variation of the energies
of the metastable states, even with the intuitively ap-
pealing strategy depicted in Fig. 1(b). Such unexpected
observations have led to a number of recent studies on
stochastic pumps [10–29].
The NPT has been adapted to a number of scenario
depending on the nature of the system. Starting with
the original formulation for closed single-particle sys-
tems [14], it has been generalized to both closed and
open many-particle systems [24, 29]. A curious feature
of the open system NPT is that the particle reservoirs
attached to the system need not be in equilibrium with
each other at every moment; stochastic pumping will fail
if just the time-averaged activities are the same (Eq. 20
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FIG. 1: Illustration of NPT. (a) Metastable states 1, 2,
and 3 of the smaller ring. (b) Consider the strategy of peri-
odic lowering the (free) energies of the metastable states in
the clockwise sequence 1 → 2 → 3 → 1, as shown above. In-
tuitively, it is expected that the smaller ring will develop an
average clockwise rotation as it follows the minimum energy
state in the same sequence. Yet, according to NPT, there
cannot be any such directed rotation if the barriers (local
maxima) are kept fixed in time.
below), along with other conditions of NPT [24]. This is
in contrast to the usual steady-state processes where the
reservoirs at different chemical potentials lead to non-
zero particle currents.
The single-particle NPT follows from the closed-system
many-particle NPT by assuming a priori that the system
consists of a single particle. The connection between the
closed-system NPT and the open-system NPT is not so
apparent, because the closed-system NPT does not fol-
low from the open-system NPT in the limit of vanishing
system-reservoir coupling, expected intuitively. Further,
the derivations of the two NPTs follow completely dif-
ferent routes: closed-system NPT follows from the evo-
lution of the state-probabilities, dictated by appropriate
master equations [14, 29], whereas open-system NPT fol-
lows the path-probabilities of single-particle trajectories
over large intervals of time [24]. The letter uncovers the
connection between the two results by giving a single
mathematical framework that encompasses all the adap-
tations of NPT known so far. Utilizing this framework,
the letter also presents the appropriate generalization of
NPT to stochastic pumps with many species of interact-
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FIG. 2: Structure and energetics of an open system.
(a) An open system with 4 sites and 3 reservoirs. (b) Illus-
tration of single-particle energies {E0i }, barriers {Bij , Biri},
and chemical potentials µi.
ing particles. Note that the following work focuses on
the discrete-state description of stochastic pumps, as op-
posed to continuous-state descriptions [30, 31].
I. MODEL
Consider an open system consisting ofM physical sites,
i ∈ {1, . . .M}, all in contact with a thermal reservoir of
absolute temperature T and some in contact with re-
spective particle reservoirs ri of chemical potentials µi
[Fig. 2(a)]. For example, in quantum dot circuits in
the Coulomb-blockade regime the dots act as the sites
and the electrodes as the particle reservoirs [24, 32–35].
Driven by thermal fluctuations, particles make random
transitions either between the system and the reservoirs
or from one site to another. These transitions are of-
ten modeled by Markov processes, each allowed transi-
tion being characterized by a positive (conditional) tran-
sition rate [36]. In the following, these rates are assumed
to be both ergodic (any two sites are connected either
directly or via intermediate sites) and reversible (any al-
lowed transition implies the existence of its time-reversed
transition) so that the system relaxes to a unique steady
state from all initial conditions [37]. I also assume clas-
sical statistics and thermal units (Boltzmann constant
equal to unity).
The state of the system at any time t is specified by
the vector n(t) = [n1(t), . . . nM (t)] where ni(t) denotes
the instantaneous particle number in site i. At the en-
semble level, the system is described by the instantaneous
probability distribution {Pn(t)} which evolves according
to the master equation [37]
d
dt
Pn(t) =
∑
n′ 6=n
Jnn′(t), (1)
Jnn′(t) = Rnn′Pn′(t)−Rn′nPn(t), (2)
where Jnn′ is the probability current from state n
′ to n
and Rnn′ is the associated transition rate.
From a thermodynamic point of view, the sites of the
system correspond to the local (free) energy minima of
the particles; see Fig. 2(b). The master equation descrip-
tion (Eq. 1) applies when the minima are deep enough
with respect to the thermal fluctuations so that the par-
ticles inside the system almost always remain in the sites
and the transitions among the sites (over the barriers) are
instantaneous. Under these conditions only one particle
may make a transition at any instant. In other words,
the rates Rnn′ are nonzero only when n and n
′ differ
by the placement of a single particle. If n is obtained
from n′ by placing a particle from site j to site i, i.e.,
n = n′ + eˆi − eˆj where (−)eˆi denotes the entry (exit) of
a particle into (from) site i, then Jnn′ is a probability-
current from j to i. Similarly, for n = n′ ± eˆi, Jnn′ is a
probability current from (to) reservoir ri to (from) site i.
The average particle-currents, Jij(t) from site j to site i,
Jrii from site i to reservoir ri, and Jiri(t) from reservoir
ri to site i, are then given by
Jij(t) =
∑
n
Jnn′(t), n = n
′ + eˆi − eˆj , (3)
Jrii(t) =
∑
n
Jnn′(t), n = n
′ − eˆi, (4)
Jiri(t) =
∑
n
Jnn′(t), n = n
′ + eˆi. (5)
A. Noninteracting case
Consider the case where the particles do not interact
with each other. The energy of a particle in any site i
is denoted by E0i and the barrier for its transitions from
any site i to another site j is denoted by Bij . If we
assume that the system satisfies the conditions of detailed
balance, that the current Jij are all zero in the steady
state, then these barriers can be shown to be symmetric,
Bij = Bji [25]. The barrier between a reservoir ri and
the associated site i is similarly denoted by Biri = Brii.
These single-particle energy parameters are illustrated
in Fig. 2(b). In terms of these parameters, the many-
particle transitions rates Rnn′ are given by the following
Arrhenius forms,
R0n+eˆi−eˆj ,n = ν nj exp−[β(Bij − E0j )], (6)
R0n−eˆi,n = ν ni exp−[β(Biri − E0i )], (7)
R0n+eˆi,n = ν exp−[β(Biri − µi)], (8)
where ν is a frequency factor and β = 1/T is the inverse
temperature. The factors nj and ni, in Eqs. 6 and 7,
respectively, indicate the generic fact that, in any state
n, nk particles contribute to currents out of site k.
B. Interacting case
Consider now a short-range interaction among the par-
ticles, so that the particles in the same site can interact
with one another. In terms of the thermodynamic pic-
ture introduced above, the range of the interactions is
3assumed to be much smaller than the separations among
the energy minima. The interactions are also assumed
to be sufficiently weak so that the stable configurations
of the non-interacting case do not change, i.e., states
are neither created nor annihilated by the interactions.
Then, the total energy at any site i is given by
Ei(ni) = E
0
i ni + U
int
i (ni), (9)
where U inti (ni) is the site-dependent interaction energy
of ni particles. Because of the short range of the inter-
actions, a particle during a transition (crossing a bar-
rier) does not interact with the other particles, which
are in their respective sites. Consequently, the barriers
{Bij , Biri} are unaffected by the interactions, a standard
assumption in the many-particle NPTs and zero-range
processes [38].
To explore the effects of interactions on the transition
rates Rnn′ , for any state n consider a configuration of
particles X = (x1, . . . x∑ni) where xk denotes the site
of the k-th particle. A transition from n to (n + eˆi −
eˆj) corresponds a particle in xk = j jumping to site i.
If X′ is a new configuration, having nj possible values
corresponding to nj possible particles that could have
made the transition, the transition rate RX′,X is given
by the Arrhenius form
RX′,X = ν exp−[β(BX′,X − EX)], (10)
where BX′,X = BX,X′ is the barrier between configura-
tions X and X′ and EX is the energy of the configuration
X (or equivalently of state n). The barrier BX′,X is the
instantaneous energy of the system when a particle with
xk = j moves on to the single-particle barrier Bij , on its
way to i, and the other particles remain in their sites.
Accordingly, we have
BX′,X = Bij +
∑
k 6=j
Ek(nk) + Ej(nj − 1), (11)
EX =
∑
k
Ek(nk). (12)
Because there are nj possible values for the configuration
X′, the transition rate from n to (n + eˆi − eˆj) is given
by nj times RX′,X. Then, Eqs. 9–12 lead to, after some
algebra,
Rn+eˆi−eˆj ,n = e
−βBijfj(nj) (13)
with fj(nj) = nj ν expβ
[
E0j + U
int
j (nj)− U intj (nj − 1)
]
.
Similarly, the expressions for the other rates can be ob-
tained as
Rn−eˆi,n = e
−βBiri fi(ni), (14)
Rn+eˆi,n = ν exp−[β(Biri − µi)] = R0n+eˆi,n. (15)
Combining Eqs. 2 – 5, 13 – 15 and using the symmetry
of the barriers {Bij = Bji, Biri = Brii}, we can derive
the following expressions for the currents (omitting the
factors of β and ν henceforth for clarity)
Jij(t) =
∑
n
Pn(t) e
−Bij [fj(nj)− fi(ni)] , (16)
Jrii(t) =
∑
n
Pn(t) e
−Biri [fi(ni)− eµi ] , (17)
Jiri(t) =
∑
n
Pn(t) e
−Biri [eµi − fi(ni)] . (18)
Stochastic pumping concerns periodic variation of the
parameters {E0i , U inti , Bij , Bi, µi, ν}, with some period
τ , and consequent transport of particles. The system
relaxes to a unique periodic steady state, P psn (t + τ) =
P psn (t) for all n [39], to be denoted with a superscript
“ps.” The total transport of particles over a time-period
τ is given by the integrals
Φpsij =
∫
τ
Jpsij (t), Φ
ps
rii
=
∫
τ
Jpsrii(t), Φ
ps
iri
=
∫
τ
Jpsiri(t).
(19)
For example, Φps12 gives, on the average, the net number
of particles hopping from site 2 to site 1 over a time-
period τ . In the catenane experiment [3], the integrated
currents correspond to the net number of rotations of the
smaller rings around the larger ring.
II. NPT
According to NPT, not all pumping will lead to non-
zero integrated currents, because all the integrated cur-
rents {Φpsij ,Φpsrii,Φpsiri} are zero if either of the following
generic conditions is met:
(i) Only the barriers {Bij(t), Biri(t)} are varied in time
keeping all the site energies {E0i , U inti } fixed and the
chemical potentials fixed and uniform, µi = µ, same for
all ri.
(ii) Only the site energies and chemical potentials
{E0i (t), U inti , µi(t)} are varied in time, keeping all the
barriers {Bij , Bi} fixed and the time-averaged activities
of the reservoirs uniform,
1
τ
∫
τ
dt expµi(t) = expµ, same for all ri. (20)
Condition (i) is easy to understand. In this case,
the system relaxes to the Boltzmann distribution,
P eq(ni = m) ∝ e−Ei(m), where all the instantaneous
currents {Jpsij , Jpsrii(t), Jpsiri}, and therefore their integrals
{Φpsij ,Φpsrii,Φpsiri}, are zero. In the following, therefore,
only the condition (ii) is considered. As noted before,
condition (ii) does not require the chemical potentials
to be uniform at all times, only the time-averaged ac-
tivities have to be the same. This is satisfied, for ex-
ample, in the case of sinusoidal variation of the chemi-
cal potentials with equal amplitude but arbitrary phase
differences. Note also that the conditions of NPT are
4sufficient. There may be situations, possibly accidental,
where the integrated currents are all zero even when nei-
ther of the two conditions is met.
III. PROOF
The NPT is a consequence of two physical conditions:
(1) periodicity of stochastic pumps, P psn (t + τ) = P
ps
n (t)
for all n, and (2) the conditions of detailed balance,
translating into the symmetry of the one-particle bar-
riers {Bij = Bji, Biri = Brii} (or equivalently, Eqs. 16
– 18 for the currents). Because of the periodicity con-
dition, the average number of particles at any site i is a
periodic function of time, so the total integrated current
into any site i must be zero,
Φpsiri +
∑
j 6=i
Φpsij = 0. (21)
Similarly, from the periodicity of the system as a whole,
we have
M∑
i=1
Φpsiri = 0. (22)
Detailed balance conditions put restrictions on the cur-
rents over cycles and paths. For a sequence of sites
{i1, . . . , in, in+1 ≡ i1} that form a cycle C, as shown in
Fig. 3(a), using Eq. 16 repeatedly for each of the con-
secutive pairs of sites, in the same cyclic order, we can
obtain [17]
n∑
m=1
exp (Bimim+1) Jimim+1(t) = 0. (23)
Because the barriers {Bij} are kept fixed in time, we
can integrate Eq. 23 over a time-period τ in the periodic
steady state to obtain
n∑
m=1
exp (Bimim+1) Φ
ps
imim+1
= 0. (24)
For any path {ri, i, k, . . . , l, j, rj} from any reservoir ri
to another reservoir rj we can further obtain
eBiriΦpsiri +e
BikΦpsik + . . .+e
BljΦpslj +e
BrjjΦpsrjj = 0. (25)
First, using the expression of currents, Eqs. 16–18, we get
the linear relation: eBiriJiri + e
BikJik + . . . + e
BljJlj +
eBrjjJrjj = e
µi(t) − eµj(t). Then, on integration over τ
and from the condition of uniform time-averaged activi-
ties, Eq. 20, we get Eq. 25.
Consider the case where all the reservoir integrated
currents {Φiri ,Φrii} happen to be zero, similar to that
of a closed system. As the corresponding analysis has
been presented before, within the framework of closed
many-particle stochastic pumps [29], it is omitted in the
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FIG. 3: Cycles and arrows. (a) The sequence {1, 3, 2, 1}
forms a cycle C. (b) The arrows imply that the integrated cur-
rents along the corresponding edges, {Φps1r1 ,Φps21,Φps32,Φpsr33},
are all positive.
following. Consider now the case where at least one reser-
voir integrated current is nonzero, say Φiri > 0. I have
chosen the sign arbitrarily as it does not have any es-
sential bearing on the proof. Because of the periodicity
condition 22, there must exist at least another reservoir
current with opposite sign, say Φirj < 0. In fact, there
must exist a path from reservoir ri to some reservoir rj
such that the integrated currents along the correspond-
ing edges are all positive. Otherwise, the particles in-
jected from ri will continually accumulate in the system,
violating the periodicity conditions 21. This intuition
can be formalized utilizing the construction suggested in
Refs. [25, 26]. First, one draws an arrow along the direc-
tion of each positive integrated current; see Fig. 3(b) for
an illustration. Then, one constructs a set Di comprising
of all the sites and reservoirs that can be reached from
the site i following the arrows. For example, in Fig. 3(b)
we have D1 = {2, 3, r3}. The set Di must contain at least
one reservoir rj which can “absorb” the particles injected
from reservoir ri; otherwise, the total number of particles
in the sites of Di will increase indefinitely in time violat-
ing the periodicity conditions 21. We can now construct
a path from ri to rj , using the elements of Di, such that
all the arrows along the path point in the same direction,
i.e., the integrated currents along the path are all pos-
itive, by construction. But this will contradict Eq. 25,
according to which not all integrated currents along such
a path can be positive. We must, therefore, conclude
that there could not have been any nonzero reservoir in-
tegrated current at the first place, thus, completing the
proof.
IV. UNIFICATION
As noted above, the closed-system NPT forms an in-
tegral part of the open-system NPT. If we assume, a pri-
ori, that the reservoir currents are all zero, Eqs. 21 and
24 survive and they suffice to prove the closed-system
NPT [29]. This observation leads to a common concep-
tual origin for the closed- and the open-system NPTs:
They both appear as consequences of the same pair of
physical principles – the periodicity of stochastic pumps
5and the conditions of detailed balance (translating into
the symmetry of the single-particle barriers).
V. NEW EXTENSIONS
Consider an open system with M physical sites and
many species of interacting particles, α = 1, . . . N , each
having its own reservoirs and parameters {E0,αi , µαi , Bαij ,
etc.}. The interaction energy at any site i, U inti (ni), is a
function of the site-composition ni = (n
1
i , . . . n
N
i ), where
nαi denotes the number of α particles in site i. The state
of the whole system is given by the set S = {n1, . . .nM}.
For any species α, the particle-currents {Jαij , Jαrii, Jαiri}
are given by
Jαij(t) =
∑
S
PS(t) e
−Bαij [fαj (nj)− fαi (ni)] , (26)
Jαrii(t) =
∑
S
PS(t) e
−Bαiri
[
fαi (ni)− eµ
α
i
]
, (27)
Jαiri(t) =
∑
S
PS(t) e
−Bαiri
[
eµ
α
i − fαi (ni)
]
, (28)
with fαi (ni) = n
α
i exp
[
E0,αi + U
int
i (ni)− U inti (ni − eˆαi )
]
,
where eˆαi denotes the entry of an α particle into site
i. Equations 26–28 are the generalizations of Eqs. 16–
18, respectively, to the multi-species scenario. In case
of stochastic pumping, we have the species-specific inte-
grated currents
Φα,psij =
∫
τ
Jα,psij , Φ
α,ps
rii
=
∫
τ
Jα,psrii , Φ
α,ps
iri
=
∫
τ
Jα,psiri .
(29)
It is now possible to formulate an NPT for each
species α: All the α-particle integrated currents,
{Φα,psij ,Φα,psrii ,Φα,psiri }, are zero if either (i) all the energy
parameters {E0,αi , U inti , µαi } of the α-species are fixed
in time and the corresponding chemical potentials uni-
form, µαi = µ
α for all rαi , or (ii) all its the barriers
{Bαij , Bαiri} are fixed in time and the average activities
uniform (1/τ)
∫
τ
dt eµ
α
i (t) = eµ
α
, same for all rαi , irre-
spective of the other parameters.
The existence of such species-specific NPTs in multi-
species stochastic pumps can be inferred from the fol-
lowing steps of argument. [I consider only the nontrivial
condition (ii).] In the periodic steady state the average
number of particles of any species α in any site i is a
periodic function of time. For each α, therefore, we have
the following periodicity conditions
∑
j 6=i
Φα,psij + Φ
α,ps
iri
= 0,
M∑
i=1
Φα,psiri = 0, (30)
just like Eqs. 21 and 22 before. From the formal re-
semblance of the currents in Eqs. 26–28 with those of
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FIG. 4: An illustration of the species-specific NPTs.
Interactions alone cannot drive the passive (P) particle along
the cycle; its barrier(s) need to be varied. (See text for de-
tails.)
Eqs. 16–18, respectively, one can also derive the ana-
logues of Eqs. 24 and 25 for each α:
n∑
m=1
exp (Bαimim+1) Φ
α,ps
imim+1
= 0 and (31)
eB
α
iriΦα,psiri + e
BαikΦα,psik + . . .+ e
BαljΦα,pslj + e
BαrjjΦα,psrjj = 0,
(32)
for each cycle C = {i1, . . . , in, in+1 ≡ i1} and for each
path from any reservoir rαi to another reservoir r
α
j , re-
spectively. The α-particle NPT then follows exactly the
same way as in the above proof. By corollary, an NPT
also holds for the sum of the integrated currents of all the
species that individually satisfy the conditions of NPT.
As before, the closed-system species-specific NPT can
be obtained from the above analyses by assuming, a pri-
ori, that the reservoir currents {Φα,psiri ,Φα,psrii } are all zero.
VI. ILLUSTRATION
Consider the case where one tries to control the dy-
namics of a relatively passive species of particles, with
less control on their parameters, via an active species
(inspired by studies in [40, 41]). For simplicity, let us
assume the system to be closed, and consisting of just
three sites {1, 2, 3} and two particles A (active) and P
(passive), as depicted in the top right corner of Fig. 4.
Let us consider the following parametric values: τ = 10;
νA, νP, T = 1; E0,Ai (t) = −2 + cos
[
2pi
(
t
τ +
i−1
3
)]
;
BAi,i+1(t) = 2 + E
0,A
i+1(t) with i + 1 = 1 for i = 3);
{E0,P1 , E0,P2 , E0,P3 } = {−0.1,−0.3,−0.2}; and BPij = 0
for all i, j. Note that both the energies and the barri-
ers of the active particle are varied in time (leading to
a non-zero integrated current ΦA,psi,i+1 = −0.12), while all
the parameters of the passive particle are fixed because
they are assumed to be “inaccessible.” Consequently, the
6passive particle integrated currents are zero (solid line
in Fig. 4). Intuitively, it is now expected that the ac-
tive particle will be able to induce a directed current
in the passive particle if there is a non-zero interaction
between them: For repulsive interaction, the active par-
ticle will “push” the latter forward, and for attractive
interaction it will “pull” the other along. However, this
induced transport is forbidden by the new NPT: Because
all the barriers of the passive particle are fixed in time,
condition (ii) applies and there can be no integrated cur-
rent, even when the interaction between the two parti-
cles is time-dependent. To see this consider the following
form of interaction: U inti = −δ +  cos
[
2pi
(
t
τ +
i−1
3
)]
.
We have indicated the results in Fig. 4, plotting the in-
tegrated current of the passive particle from site 2 to 1
up to different portions t of a time-period τ : ΦP,ps12 (t) =∫ t
0
ds JP, ps12 (s) for 0 ≤ t ≤ τ . The dashed and the dot-
ted lines correspond to the time-independent ( = 0) and
the time-dependent ( 6= 0) interactions, respectively. In
both cases, the passive particle sloshes back and forth
during the time-period, because of its interaction with
the active particle, but at the end of the time-period the
net integrated current is still zero. Only when the barri-
ers of the passive particle are varied in time in addition
to the interaction ( 6= 0), thus violating the conditions
of NPT, that we get a non-zero integrated current in the
end (the dot-dashed curve).
By unifying all previous results on NPT into a single
theoretical framework the current work uncovers their es-
sential conceptual unity. Extension of NPT to interacting
many species of particles further illustrates the generality
of this result, and will prove useful when, for example,
many types of artificial molecular machines are involved
in a single setup. Finally, the result emphasizes the role
of the barriers in stochastic pumps: While they do not
affect the equilibrium distributions, the barriers do play
a critical role in the out-of-equilibrium currents.
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